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Abstract:Witten diagrams are basic objects for studying dynamics in AdS space, and also
play key roles in the analytic functional bootstrap. However, these diagrams are notoriously
hard to evaluate, making it extremely difficult to search for recursion relations among them.
In this note, we present simple methods to obtain recursion relations for exchange Witten
diagrams from conformal block recursion relations. We discover a variety of new relations,
including the dimensional reduction formulae for exchange Witten diagrams. In particular,
we find a five-term recursion relation relating exchange Witten diagrams in d and d − 2
dimensions. This gives the holographic analogue of a similar formula for conformal blocks
due to Parisi-Sourlas supersymmetry. We also extend the analysis to two-point functions
in CFTs with conformal boundaries, and obtain similar results.
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1 Introduction
Concrete results on conformal blocks paved the way for the modern return of the conformal
bootstrap program.1 First appeared in the 1970s [3–6], these objects did not receive much
attention until the breakthrough results by Dolan and Osborn [7–9], which were crucial for
the development of the numerical bootstrap techniques [10]. Since then conformal blocks
have been intensively studied, and a great deal of beautiful properties have been discovered
(see [11] for a review and references therein). In these results of conformal blocks, various
recursion relations often play an important role. For example, conformal blocks in different
spacetime dimensions can be recursively related [12, 13]. Moreover, recursion relations also
provide an efficient way to obtain spinning conformal blocks from scalar ones [14–17].
Operator exchange in conformal blocks, via holography, can naturally be associated
to the tree-level exchange process of a single-particle state in AdS space. The latter is
characterized by exchange Witten diagrams, and are the building blocks for holographic
computation of boundary correlators. Though similar intuitively, the two objects are dif-
ferent in details.2 Under conformal block decomposition, the exchange Witten diagram
contains a “single-trace” conformal block with the same conformal dimension and spin. Ad-
ditionally, the single-trace conformal block is dressed with infinitely many “double-trace”
1See, e.g., [1, 2] for pedagogical lecture notes.
2The exact holographic dual of conformal blocks is the so-called “geodesic” Witten diagrams [18]. How-
ever, these objects do not naturally appear in the holographic calculation except in the semiclassical limit.
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conformal blocks which are bilinears of external operators. These double-trace conformal
blocks are in fact far from random. For example, their OPE coefficients are fine-tuned to
ensure that the Witten diagram is single-valued in Euclidean signature. While there has
already been a wealth of results on recursion relations for conformal blocks, little is known
about the recursion relations for Witten diagrams3, partly due to the notorious difficulty in
computing them [23–34] 4. Finding new relations among Witten diagrams, however, will no
doubt be extremely useful. Such relations will facilitate various holographic calculations,
and also shed light on new structures in scattering amplitudes in AdS. Moreover, the actions
of analytic functionals are succinctly encoded in exchange Witten diagrams [35–37]. We
can therefore expect to extract a lot of lessons from the Witten diagram relations about
the structures of the analytic functionals.
In this note, we accomplish the task of finding new Witten diagram relations by trans-
ferring our knowledge of conformal blocks. We give straightforward recipes to obtain a
large class of recursion relations for Witten diagrams from those of conformal blocks. In
the simplest scenario, the recipe amounts to just replacing the conformal blocks with the
corresponding exchange Witten diagrams. This most basic version applies to recursion re-
lations in which conformal blocks appear linearly with constant coefficients independent of
the cross ratios. Notable examples in this family include the dimensional reduction formulae
g
(d)
∆,` =
∞∑
n=0
∑
j
An,j g
(d−1)
∆+2n,j , j = ` , `− 2 , . . . , ` mod 2 , (1.1)
relating conformal blocks d and d− 1 dimensions [12], and
g
(d−2)
∆,` = g
(d)
∆,` + c2,0g
(d)
∆+2,` + c1,−1g
(d)
∆+1,`−1 + c0,−2g
(d)
∆,`−2 + c2,−2g
(d)
∆+2,`−2 , (1.2)
relating d and d − 2 dimensions [13]. The expressions for constants An,j , ci,j are given
in (2.2), (2.5), but are inconsequential for the discussion. We claim that these identities
correspondingly yield the following recursion relations for exchange Witten diagrams W (d)∆,`
defined in AdSd+1
W
(d)
∆,` =
∞∑
n=0
∑
j
An,jW
(d−1)
∆+2n,j , j = ` , `− 2 , . . . , ` mod 2 , (1.3)
W
(d−2)
∆,` = W
(d)
∆,` + c2,0W
(d)
∆+2,` + c1,−1W
(d)
∆+1,`−1 + c0,−2W
(d)
∆,`−2 + c2,−2W
(d)
∆+2,`−2 . (1.4)
These relations constitute the dimensional reduction formulae which relate exchange Wit-
ten diagrams from different bulk dimensions. Note that, importantly, exchange Witten
diagrams with spin ` ≥ 1 are well-defined only up to adding contact Witten diagrams with
at most 2(`− 1) derivatives. The ambiguity reflects different choices of the cubic vertices,
which do not affect the single-trace operator exchange [38]. Therefore, the above identities
3See however [19–21] for recursion relations for gravity and Yang-Mills in AdS, and [22] for relating
Witten diagrams to lower-point ones using factorization.
4To date, there are no closed form formulae for exchange Witten diagrams in terms elementary functions,
except for special cases.
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are valid when a proper choice of contact terms has been made (and there are generally
infinitely many choices as we will see). These formulae may strike as odd, as they require
miraculous cancellations of the double-trace operators. However, we can give simple argu-
ments which explain why it can always happen. To see this, let us go to the Mellin space
[39, 40].5 The Mellin amplitudes of the exchange Witten diagrams have the following simple
structure
M(d)∆,`(s, t) =
∞∑
m=0
Q
(d)
`,m(t)
s− (∆− `)− 2m + P
(d)
`−1(s, t) (1.5)
where Q(d)`,m(t) and P
(d)
`−1(s, t) are polynomials in t and s, t of degrees ` and `−1 respectively.
A well known property of the Mellin representation is that the Mellin amplitudes of confor-
mal blocks and exchange Witten diagrams have the same poles and residues. Therefore, the
transition from conformal blocks to Witten diagrams for the recursion relations boils down
to merely tuning the regular pieces P (d)`−1(s, t) in each diagram. This turns out to be always
possible, thanks to the contact term ambiguity. A particularly simple choice for W (d)∆,` is
the “Polyakov-Regge” blocks introduced in [37], which correspond to setting all P (d)`−1(s, t)
to be zero.
The above recipe also extends to recursion relations involving differential operators.
For certain well-behaved operators, the recipe is only modified by adding higher-derivative
contact Witten diagrams. To see this, we note that differential operators can be interpreted
as difference operators acting on Mellin amplitudes. Let us consider for now difference
operators which do not introduce new poles. Then by construction the polar part of the
Mellin amplitudes on both sides are automatically matched, and we are left with only
regular polynomial terms. Additional contact terms are required if the regular terms have
degrees too high to be absorbed into the exchange Witten diagrams. A case in point is the
Casimir equation for conformal blocks [8]
Cass[g
(d)
∆,`]− C∆,` g(d)∆,` = 0 (1.6)
where C∆,` = ∆(∆− d) + `(`+ d− 2) is the eigenvalue of the Casimir. The corresponding
equation for Witten diagrams is the well known equation of motion identity
Cass[W
(d)
∆,`]− C∆,`W (d)∆,` = W (d)con . (1.7)
Note that W (d)con is a contact diagram with 2` derivatives. It cannot be absorbed into the
exchange Witten diagram W (d)∆,`, which is ambiguous up to contact diagrams with only no
more than 2(`− 1) derivatives. Further extensions including more general differential oper-
ators are also possible, as we will discuss in the main text of the paper. Such generalizations
generically require adding extra diagrams which have singularities.
The rest of the paper is organized as follows. In Section 2, we elaborate on the dimen-
sional reduction for Witten diagrams, and comment on a number of interesting properties.
In Section 3 we discuss the modification of the recipe for more general recursion relations.
5Another way to prove these relations is to use the Lorentzian inversion formula [41, 42]. See Section 2
for details.
– 3 –
They include in particular the action of the crossed-channel conformal Casimir, weight-
shifting operators and superconformal Ward identities. We also discuss the generalization
to CFTs with conformal boundaries in Section 4. We give the dimensional reduction formu-
lae for BCFT conformal blocks in d dimensions, as an infinite sum of conformal blocks in
d−1 dimensions. We also find two-term relations analogous to (1.2), which relate conformal
blocks in d and d − 2 dimensions. Since the boundary channel conformal block coincides
with the scalar bulk-to-bulk propagator in AdS, we can also reinterpret the results as the
dimensional reduction of AdS propagators. The paper concludes in Section 5 with a brief
discussion of the results and outline for future directions. Various technical details are
relegated to the two appendices, where we also work out a number of explicit examples.
2 Dimensional reduction for Witten diagrams
In this section we continue to discuss the simplest scenario for obtaining Witten diagram
recursion relations, where they descend directly from those of conformal blocks. This class
of recursion relations take the form of linear combinations of conformal blocks with pure
number coefficients.
We will focus on two representative recursion relations which relate conformal blocks
from different spacetime dimensions. The first relation expresses d-dimensional conformal
blocks in terms of infinitely many (d− 1)-dimensional conformal blocks [12]6
g
(d)
∆,` =
∞∑
n=0
∑
j
An,j g
(d−1)
∆+2n,j , j = ` , `− 2 , . . . , ` mod 2 , (2.1)
where
An,j =
Zj` 16
−n (1
2
)
n
(∆− 1)2n
(
j+∆
2
)
n
(
`+∆
2
)
n
(
−d−j+∆+3
2
)
n
(−d−`+∆+2
2
)
n
n!
(
2∆+2−d
2
)
n
(
2n+2∆+1−d
2
)
n
(
j+∆−1
2
)
n
(
`+∆+1
2
)
n
(
−d−j+∆+2
2
)
n
(−d−`+∆+3
2
)
n
,
(2.2)
Zj` =
`!(d+ 2j − 3)(d− 3)j
(
1
2
)
`−j
2
(
d−2
2
)
j+`
2
2j! `−j2 !(d− 2)`
(
d−3
2
)
1
2
(j+`+2)
. (2.3)
The second relation relates d and d− 2 dimensions [13]
g
(d−2)
∆,` = g
(d)
∆,` + c2,0g
(d)
∆+2,` + c1,−1g
(d)
∆+1,`−1 + c0,−2g
(d)
∆,`−2 + c2,−2g
(d)
∆+2,`−2 , (2.4)
where the coefficients are
c2,0 = − (∆−1)∆(∆−∆12+`)(∆+∆12+`)(∆−∆34+`)(∆+∆34+`)4(d−2∆−4)(d−2∆−2)(∆+`−1)(∆+`)2(∆+`+1) ,
c1,−1 = − (∆−1)∆12∆34`(∆+`−2)(∆+`)(d−∆+`−4)(d−∆+`−2) ,
c0,−2 = − (`−1)`(d+2`−6)(d+2`−4) ,
c2,−2 =
(∆−1)∆(`−1)`(d−∆−∆12+`−4)(d−∆+∆12+`−4)(d−∆−∆34+`−4)(d−∆+∆34+`−4)
4(d−2∆−4)(d−2∆−2)(d+2`−6)(d+2`−4)(d−∆+`−5)(d−∆+`−4)2(d−∆+`−3) ,
(2.5)
6In this paper, we use the same normalization for the conformal blocks as in [11].
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with ∆ij = ∆i−∆j . That the relation contains only finitely many d-dimensional conformal
blocks is a consequence of the underlying Parisi-Sourlas supersymmetry [43].
As we have argued in the introduction, we can obtain corresponding dimensional re-
duction formula by simply replacing g(d)∆,` with the exchange Witten diagram W
(d)
∆,`
W
(d)
∆,` =
∞∑
n=0
∑
j
An,jW
(d−1)
∆+2n,j , j = ` , `− 2 , . . . , ` mod 2 , (2.6)
W
(d−2)
∆,` = W
(d)
∆,` + c2,0W
(d)
∆+2,` + c1,−1W
(d)
∆+1,`−1 + c0,−2W
(d)
∆,`−2 + c2,−2W
(d)
∆+2,`−2 . (2.7)
Note that the Witten diagrams W (d)∆,` are normalized such that the single-trace conformal
block appears with coefficient one. For the relations (2.6) and (2.7) to be valid, the con-
tact part in the exchange Witten diagrams must be constrained. To precisely state these
constraints, let us recall the definition for the Mellin amplitude [39, 40]
G(xi) =
(
x214
x224
)∆2−∆1
2
(
x214
x213
)∆3−∆4
2
(x212)
∆1+∆2
2 (x234)
∆3+∆4
2
∫
dsdt
(4pii)2
U
s
2V
t
2
−∆2+∆3
2 M(s, t)Γ∆1∆2∆3∆4(s, t) (2.8)
where
U =
x212x
2
34
x213x
2
24
, V =
x214x
2
23
x213x
2
24
, (2.9)
are the conformal cross ratios and
Γ∆1∆2∆3∆4 = Γ[
∆1+∆2−s
2 ]Γ[
∆3+∆4−s
2 ]Γ[
∆1+∆4−t
2 ]Γ[
∆2+∆3−t
2 ]Γ[
∆1+∆3−u
2 ]Γ[
∆2+∆4−u
2 ] ,
(2.10)
with s+t+u = ∆1 +∆2 +∆3 +∆4. Translating (2.6), (2.7) into Mellin space, the polar part
on both sides clearly are already matched since their residues just reproduce the single-trace
conformal blocks. The regular part is constrained by the conditions
P
(d)
∆,`(s, t) =
∞∑
n=0
∑
j
An,j P
(d−1)
∆+2n,j(s, t) , (2.11)
P
(d−2)
∆,` = P
(d)
∆,` + c2,0P
(d)
∆+2,` + c1,−1P
(d)
∆+1,`−1 + c0,−2P
(d)
∆,`−2 + c2,−2P
(d)
∆+2,`−2 . (2.12)
On the other hand, the Mellin amplitude of a contact diagram with 2L derivatives is a
polynomial with degree L. Since W (d)∆,` can absorb any contact Witten diagrams with no
more than 2(` − 1) derivatives by adjusting cubic couplings [38], P (d)∆,` can be changed by
adding any degree `− 1 polynomials in s and t. It is clear that the constraints (2.11) and
(2.12) can always be solved. In fact, a particularly simple solution is to use the contact
term ambiguity to remove all P (d)∆,`, and the constraints are trivially satisfied. These special
Witten diagrams are uniquely defined, and were dubbed the Polyakov-Regge blocks in [37].
They have enhanced Regge behavior in the t-channel
M(d)∆,`(s, t) ∝
1
s
, s→∞ , t fixed . (2.13)
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While the existence of a finite-term reduction formula (1.2) is already quite remarkable,
thanks to the Parisi-Sourlas supersymmetry, it is even more nontrivial that a similar relation
exists for AdS exchange diagrams. It shows that one can construct a different AdS effective
Lagrangian (albeit non-unitary) in two dimensions higher, which produces the same tree-
level scattering amplitude. It may also be of interest to spell out the details of how the
Parisi-Sourlas supersymmetry is realized in the bulk.
Let us comment that the above relations can also be proven using the Lorentzian inver-
sion formula [41, 42]. Since double-trace conformal blocks do not contribute to the double
discontinuity, both sides of (2.6) and (2.7) have the same double discontinuities thanks to
(1.1) and (1.2). By using the inversion formula, they lead to the same “coefficient function”
c(∆, J) for the conformal partial wave expansion in the crossed channel.7 However, note
that the Lorentzian inversion formula for a spin-` exchange Witten diagram generally con-
verges only to J ≥ `. In order to reach zero spin, we can improve the Regge behavior of
exchange Witten diagrams by adding contact terms and obtain the Polyakov-Regge blocks.
Then the inversion formula applies to all spins, and we have proven (2.6) and (2.7).
Let us also point out a few interesting features of the relation (2.6). When the dimension
of the exchanged operator takes special values with respect to the external dimensions
∆1 + ∆2 −∆ = 2n0 ∈ 2Z+ , or ∆3 + ∆4 −∆ = 2n′0 ∈ 2Z+ (2.14)
the infinite sum in (2.6) truncates to finitely many terms8
W
(d)
∆,` =
nmax∑
n=0
∑
j
An,jW
(d−1)
∆+2n,j , j ≥ `+ 2(n− nmax) (2.15)
with nmax = n0 − 1 or n′0 − 1, or min{n0 − 1, n′0 − 1} if both conditions are satisfied.
This is because the exchange Mellin amplitudes (1.5) truncate to finitely many poles with
mmax = nmax, and only finitely many diagrams are needed to match finitely many poles.
The termination of Mellin poles was first explained in [44] as a consistency condition for
large N expansion. We will also give an explicit position space example of such finite-term
recursion relation in Appendix B. As a further special case of (2.15), let us consider n0 = 1
or n′0 = 1. We have
W
(d)
∆,` = W
(d−1)
∆,` , n0 = 1 , or n
′
0 = 1 , (2.16)
which indicates these exchange Witten diagrams are independent of the spacetime dimen-
sion. This is easy to understand: the corresponding Mellin amplitudes has only the leading
pole at s = ∆ − `, and its residue reproduces the collinear conformal block which is inde-
pendent of d.
Note that the above arguments assumed the existence of Mellin amplitudes. They
therefore do not directly apply to the case of CFT1, or CFT2 with correlators not invariant
7Note that we can use on both sides, e.g., the inversion formula in d dimensions. This does not give the
the canonical decomposition on one side as the conformal partial waves are from a different dimension, but
it does not cause any problem.
8The extra conformal blocks in (1.1) however are not absent. Instead they now coincide with the double-
trace conformal blocks in the exchange Witten diagrams.
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under z ↔ z¯, where the Mellin formalism is ill-defined9. Nevertheless, the recursion relations
should still be valid for these dimensions. First, the case of mixed parity CFT2 correlators
does not arise here because the conformal blocks in the recursion relations are all parity
even. The corresponding AdS3 Witten diagram should therefore also taken to be the type
with even parity. Second, in reducing to 1d we should set ` = 0 since there is no spin in
1d (and also restrict to z = z¯). The relations (2.6), (2.7) then only involve scalar exchange
Witten diagrams. These diagrams can be evaluated analytically in d (see Appendix C of
[46] for explicit expressions). Therefore the Witten diagram relations above can also be
analytically continued to hold in 1d. We will perform additional checks in Appendix A .
Finally, let us mention that the relations (2.6) and (2.7) can be verified in a number of
explicit examples. The details of the calculations can be found in Appendix B.
3 Recursion relations involving differential operators
3.1 The regular type
In this section, we extend the strategy to include recursion relations with differential oper-
ators. To start, let us extract a kinematical factor
G(xi) =
1
(x212)
∆1+∆2
2 (x234)
∆3+∆4
2
(
x214
x224
)∆2−∆1
2
(
x214
x213
)∆3−∆4
2
G(U, V ) , (3.1)
to express correlators in terms of the cross ratios. We further assume that the differential
operators are of the form
D =
∑
{m,n,a}
αm,n,a U
mV n Ωa(U∂U , V ∂V ) (3.2)
where Ωa(U∂U , V ∂V ) are polynomials and the summation is over a finite set. In Mellin
space, we can interpret the differential operator D as a difference operator D̂ by interpreting
the constituents as difference operators, which act on the Mellin amplitudeM(s, t) in the
following way
Ωa(U∂U , V ∂V ) G(U, V )→ Ωa( s2 , t2 − ∆2+∆32 )×M(s, t) ,
UmV n G(U, V )→M(s− 2m, t− 2n) (∆1+∆2−s2 )m (∆3+∆4−s2 )m (∆1+∆4−t2 )n
× (∆2+∆3−t2 )n ( s+t−∆1−∆32 )−m−n ( s+t−∆2−∆42 )−m−n .
(3.3)
9This is because the Mellin representation (2.8) assumed the cross ratios U and V to be independent.
On the other hand, there is only one independent cross ratio in 1d. In 2d, the global conformal algebra
factorizes into a left-moving and a right-moving part. The 2d CFT correlators are not necessarily symmetric
in z and z¯. In such cases, one cannot unambiguously rewrite it in terms of U and V , and the problem
effectively becomes 1d. See [45] for further discussions and examples of such mixed parity Witten diagrams
in AdS3.
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This translation is clear from the definition of the Mellin amplitude (2.8).10 To proceed, let
us first focus on the simpler case when the difference operators D̂ only shift the poles of the
Mellin amplitude, and do not introduce new poles from the Pochhammer symbols that do
not belong to the conformal blocks in the recursion relation.11 We will call such recursion
relations the regular type. It is clear that the singular parts of the Mellin amplitudes
on both sides of the recursion relation are still matched, when we replace the conformal
blocks with exchange Witten diagrams. However, the action of the difference operator may
give rise to regular terms which cannot be absorbed into the redefinition of the exchange
Witten diagrams. Nevertheless, such extra polynomial terms are easy to handle. They just
correspond to additional contact Witten diagrams which need to be added into the Witten
diagram recursion relations.
Let us give two examples of such regular recursion relations, which involve the quadratic
conformal Casimir operator
Cass = 2(UV
−1 + 1− V −1)V ∂
∂V
[
V
∂
∂V
+ a+ b
]
− 2U ∂
∂U
[
2U
∂
∂U
− d
]
+ 2(1 + U − V )
[
U
∂
∂U
+ V
∂
∂V
+ a
] [
U
∂
∂U
+ V
∂
∂V
+ b
] (3.4)
where a = ∆2−∆12 , b =
∆3−∆4
2 . The first relation is the defining Casimir equation (1.6) for
the s-channel conformal blocks g(d)∆,`. The second relation comes from acting the Casimir
operator on the crossed channel conformal block, and it leads to the following five-term
recursion relation [46]
Cass[g
(d),t
∆,` ] = Ag
(d),t
∆−1,`+1 +Bg
(d),t
∆−1,`−1 + Cg
(d),t
∆+1,`+1 +Dg
(d),t
∆+1,`−1 + Eg
(d),t
∆,` . (3.5)
The coefficients are independent of the cross ratios, and are given in (B.9) in Appendix
B.2. This relation, for example, is useful for efficiently obtaining the conformal block
decomposition coefficients of exchange Witten diagrams in the crossed channel [46]. From
the operator (3.4), one may worry that (UV −1+1−V −1) and (1+U−V ) can introduce new
poles from the Pochhammer symbols in (3.3). However, the operators V ∂V (V ∂V + a + b)
and (U∂U +V ∂V + a)(U∂U +V ∂V + b) introduce polynomial factors which precisely cancel
these poles. The whole operator in Mellin space therefore only reshuffles pole locations, but
does not introduce new singularities. As a result, when we replace the conformal blocks
with exchange Witten diagrams, all the polar terms of the Mellin amplitudes come from the
conformal blocks. They are guaranteed to match because their residues simply reproduce
the conformal block recursion relations (1.6) and (3.5). We yet need to match the regular
10A small subtlety is that the differential operators can change the integration contours in (2.8), and
moving contours across poles may pick up extra terms (see the recent paper [47] for a very detailed discussion
on contours). We assume that it does not pose a problem for us, but we will also perform direct checks
for the recursion relations in position space. Such issues do not seem to arise in the explicit examples in
Appendix A and Appendix B.
11These new poles are related to the double-trace operators. Physically, when we replace conformal blocks
with exchange Witten diagrams we introduce additional double-trace conformal blocks. Under the action
of the differential operators, some of the double-trace contributions may become singular.
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terms in Mellin amplitudes. It turns out that the Casimir operator raises the degree of
polynomials only by one, despite that it contains two derivatives. Therefore, from (1.7) we
obtain the following recursion relation for Witten diagrams
Cass[W
(d)
∆,`]− C∆,`W (d)∆,` = W (d)con , (3.6)
and from (3.5) we have
Cass[W
(d),t
∆,` ] = AW
(d),t
∆−1,`+1 +BW
(d),t
∆−1,`−1 + CW
(d),t
∆+1,`+1 +DW
(d),t
∆+1,`−1 + EW
(d),t
∆,` . (3.7)
Note that in the first relation, a contact Witten diagram W (d)con with 2` derivatives needs
to be explicitly added, while in the second case it can be absorbed into W (d),t∆+1,`+1. Several
explicit examples of the relation (3.7) are given in Appendix B.
3.2 The irregular type
Now let us comment on what happens when the differential operator introduces new poles
in Mellin space (we will refer to it as the irregular type). To make the point, it is sufficient
to focus on the following example of recursion relation [9]
(U−1−U−1V )g(d)∆,` = A′g(d)∆−1,`+1 +B′g(d)∆−1,`−1 +C ′g(d)∆+1,`+1 +D′g(d)∆+1,`−1 +E′g(d)∆,` . (3.8)
The coefficients can be found in (4.32) of [9], however their explicit forms are not important
for the following discussion. Let us first attempt to get a relation for Witten diagrams by
naively replacing the conformal blocks with the exchange Witten diagrams, and translat-
ing the cross ratio dependent factor into a difference operator. However, we immediately
encounter a problem. In Mellin space, we find the factor (U−1 −U−1V ) acts on the Mellin
amplitude as
−(t−∆2 −∆3)(t−∆1 −∆4)M(s+ 2, t− 2) + (u−∆2 −∆4)(u−∆1 −∆3)M(s+ 2, t))
(s− (∆1 + ∆2 − 2))(s− (∆3 + ∆4 − 2)) .
(3.9)
The s→ s+2 shift preserves the series of poles at s = ∆−`+2m, and can be accounted for
by the conformal blocks on the r.h.s. of (3.8). The poles at s = ∆1 + ∆2− 2 and s = ∆3 +
∆4−2 however are new. To match these singularities, we must add extra Witten diagrams.
These additional terms are the linear combination of (U−1−U−1V )W (d)con,1, W (d)∆1+∆2−2+`′,`′ ,
W
(d)
∆3+∆4−2+`′,`′ and W
(d)
con,2. Their analytic structures in Mellin space makes it clear that
they are sufficient to cancel any remaining terms.12 In Appendix B, we will study examples
with ` = 0 both in Mellin and in position space, and obtain explicit expressions for such
extra terms.
Many other interesting relations fall into this category. For example, there are var-
ious generalizations of (3.8) in [9] relating conformal blocks with shifted dimensions and
spins, which can be systematized using the weight-shifting operators [17]. Moreover, when
12The first kind of diagrams are needed because (3.9) gives rise simultaneous poles in s, while the exchange
Witten diagrams have only single poles with polynomial residues.
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supersymmetry is present there are further kinematic constraints in the form of supercon-
formal Ward identities. These identities give rise to nontrivial recursion relations for the
non-supersymmetric conformal blocks in the superconformal block. The superconformal
blocks for short multiplets are particularly interesting, as they are relevant for the holo-
graphic calculation of boundary correlators in the supergravity limit (see Appendix B for
more comments). The exchange of short superconformal blocks can be identified with the
supergravity exchange diagrams in the bulk, modulo double-trace operators. Since these
relations are in general of the irregular type, extra terms are needed when translating them
into exchange Witten diagrams as illustrated above.
4 Generalization to CFTs with boundaries
In this section we generalize the story to include boundary CFTs with a flat conformal
boundary (or co-dimension 1 interface). We break the coordinates of Rd into xµ = (x⊥, ~x),
where x⊥ and ~x are the directions transverse and parallel to the boundary respectively.
The boundary is at x⊥ = 0. We refer the reader to, e.g., [48] for a detailed account about
the basic kinematics, and will be brief in the following.
We focus on the simplest correlators with nontrivial spacetime dependence, namely,
two-point functions
〈O1(x1)O2(x2)〉 = G(ξ)
(2x1,⊥)∆1(2x2,⊥)∆2
(4.1)
where the cross ratio ξ is defined as
ξ =
(x1 − x2)2
4x1,⊥x2,⊥
, (4.2)
and (x1 − x2) = (x1,⊥ − x2,⊥)2 + (~x1 − ~x2)2. The correlator G(ξ) can be decomposed into
conformal blocks in two channels
G(ξ) =
∑
k
µ12k g
(d),bulk
∆k
(ξ) =
∑
j
µˆ12j g
(d),bdry
∆j
(ξ) (4.3)
where in the bulk channel O1, O2 are merged to form one-point functions, and in the
boundary channel O1, O2 approach the boundary and form two-point functions on the
boundary. The conformal blocks are given by [48, 49]
g
(d),bulk
∆ (ξ) = ξ
∆−∆1−∆2
2 2F1
(
∆ + ∆1 −∆2
2
,
∆ + ∆2 −∆1
2
; ∆− d
2
+ 1;−ξ
)
, (4.4)
g
(d),bdry
∆ (ξ) = ξ
−∆
2F1
(
∆,∆− d
2
+ 1; 2∆ + 2− d,−1
ξ
)
. (4.5)
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Using these explicit expressions, it is not difficult to verify the following recursion relations.
For reducing from d to d− 1 dimensions, we have the formulae13
g
(d),bulk
∆ (ξ) =
∞∑
n=0
βn g
(d−1),bulk
∆+2n (ξ) , (4.8)
g
(d),bdry
∆ (ξ) =
∞∑
n=0
γn g
(d−1),bdry
∆+2n (ξ) (4.9)
where the coefficients are
βn =
(−1)nΓ (n+ 12) (∆+∆1−∆22 )n (∆−∆1+∆22 )n√
pin!
(−d2 + ∆ + 1)n (−d2 + n+ ∆ + 12)n , (4.10)
γn =
2−4nΓ
(
n+ 12
)
(∆)2n√
piΓ(n+ 1)
(−d2 + ∆ + 32)n (−d2 + n+ ∆ + 1)n . (4.11)
On the other hand, we find that the d− 2 dimensional conformal blocks can be expressed
in terms of just two d dimensional conformal blocks14
g
(d−2),bulk
∆ (ξ) = g
(d),bulk
∆ (ξ) +
(
(∆+∆1−∆2)(∆−∆1+∆2)
(d−2∆−4)(d−2∆−2)
)
g
(d),bulk
∆+2 (ξ) , (4.14)
g
(d−2),bdry
∆ (ξ) = g
(d),bdry
∆ (ξ)−
(
∆(∆+1)
4(d−2∆−5)(d−2∆−3)
)
g
(d),bdry
∆+2 (ξ). (4.15)
The existence of such two-term recursion relations is quite remarkable, and seems to suggest
a generalization of the Parisi-Sourlas supersymmetry to include boundaries.
As a side comment, let us mention that the boundary channel conformal block in d
dimensions is identical to the scalar bulk-to-bulk propagator G(d−1),∆BB (u) in AdSd
15
G
(d−1),∆
BB (u) =
pi
1−d
2 (−4)−∆Γ(∆)
2Γ
(−d2 + ∆ + 32) g(d),bdry∆ (u) (4.16)
13It is also possible to derive formulae that go in the opposite directions
g
(d),bulk
∆ (ξ) =
∞∑
n=0
d− 2∆− 4n+ 1
(1− 2n)(d− 2∆− 2n+ 1)βn g
(d+1),bulk
∆+2n (ξ) , (4.6)
g
(d),bdry
∆ (ξ) =
∞∑
n=0
d− 2∆− 4n
(1− 2n)(d− 2∆− 2n)γn g
(d+1),bdry
∆+2n (ξ) . (4.7)
14By contrast, expressing d dimensional conformal blocks in terms the d − 2 dimensional ones requires
infinitely many terms
g
(d),bulk
∆ (ξ) =
∞∑
n=0
(−1)n
(
( 12 (∆−∆1+∆2))n(
1
2
(∆+∆1−∆2))n
)
(− d2+n+∆+1)n(−
d
2
+∆+1)
n
g
(d−2),bulk
∆+2n (ξ) , (4.12)
g
(d),bdry
∆ (ξ) =
∞∑
n=0
16−n(∆)2n
(− d2+∆+ 32 )2n
g
(d−2),bdry
∆+2n (ξ) . (4.13)
15This fact was noticed in [50], and was used to find the geodesic Witten diagram representation for the
boundary channel conformal block.
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where u = (z−w)
2
2z0w0
is the chordal distance16 between z and w in AdSd, and the propagator
satisfies the equation of motion
(−∆(∆− d+ 1))G(d−1),∆BB = δ(z, w) . (4.17)
Thanks to this identification, (4.8), (4.9), (4.14) and (4.15) can also be interpreted as the
dimensional reduction formulae for the AdS bulk-to-bulk propagator. Using these relations,
it is straightforward to use geodesic Witten diagrams [18] to prove the conformal block
recursion relations (1.1) and (1.2) for the scalar case.
The above reduction formulae for the conformal blocks also imply recursion relations
for exchange Witten diagrams in the so-called probe brane setup for interface CFTs (the
simplest version of the Karch-Randall setup [51, 52]). In this setup we single out an AdSd
slice inside of AdSd+1, which is located at z⊥ = 0 in the Poincaré coordinates. The confor-
mal boundary of the AdSd slice is the interface of the CFT on the boundary. We allow local
degrees of freedom on the AdSd probe brane, and they can be coupled to the bulk AdSd+1
fields. However the probe does not back-react to the bulk geometry. One can define the
following tree level exchange Witten diagrams which describe perturbative interactions in
the effective theory
W
(d),bulk
∆ = N
(d)
bulk
∫
AdSd
ddw
∫
AdSd+1
dd+1z G
(d),∆
BB (z, w)G
(d),∆1
B∂ (x1, z)G
(d),∆2
B∂ (x2, z) , (4.18)
W
(d),bdry
∆ = N
(d)
dbry
∫
AdSd
ddw1d
dw2 G
(d−1),∆
BB (w1, w2)G
(d),∆1
B∂ (x1, w1)G
(d),∆2
B∂ (x2, w2) , (4.19)
where G(d),∆2B∂ (x, z) are the bulk-to-boundary propagators in AdSd+1. We have also inserted
normalization factors N (d)bulk, N
(d)
dbry such that the single-trace conformal blocks appear with
coefficient one in the direct channel. These diagrams have been systematically studied
in [36, 50], and will not be further commented on here. The only ingredient we want
to highlight is that interface CFT correlators also admit a Mellin representation [50]. The
two-point exchange Mellin amplitudes are functions of a single Mellin-Mandelstam variable,
and has only simple poles corresponding to exchanged single-trace operator, with constant
residues (see [50] for details). This allows us to use the Mellin argument in Section 2, and
write down the following recursion relations for the exchange Witten diagrams
W
(d),bulk
∆ (ξ) =
∞∑
n=0
βnW
(d−1),bulk
∆+2n (ξ) , W
(d),bdry
∆ (ξ) =
∞∑
n=0
γnW
(d−1),bdry
∆+2n (ξ) , (4.20)
W
(d−2),bulk
∆ (ξ) = W
(d),bulk
∆ (ξ) +
(
(∆+∆1−∆2)(∆−∆1+∆2)
(d−2∆−4)(d−2∆−2)
)
W
(d),bulk
∆+2 (ξ) , (4.21)
W
(d−2),bdry
∆ (ξ) = W
(d),bdry
∆ (ξ)−
(
∆(∆+1)
4(d−2∆−5)(d−2∆−3)
)
W
(d),bdry
∆+2 (ξ), (4.22)
and similarly the counterparts for (4.6), (4.7), (4.12) and (4.13). We can also consider more
complicated Witten diagram relations which descend from recursion relations of conformal
blocks involving differential operators. However the logic is largely similar, and we will not
repeat the analysis here.
16Here z = (z0, ~z) are the Poincaré coordinates.
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5 Discussion and outlook
In this paper, we pointed out that conformal block recursion relations in CFT naturally give
rise to recursion relations for exchange Witten diagrams in AdS. This opens the door to a
wealth of new properties about Witten diagrams which are difficult to discover otherwise.
Note that our statement is different from replacing conformal blocks with geodesic Witten
diagrams [18], because the latter is just representing the same functions in two different
ways and does not generate new identities. By contrast, exchange Witten diagrams contain
in addition infinitely many double-trace conformal blocks. The cancellation of the double-
trace operators in the identities are highly nontrivial. In the paper we presented concrete
methods for obtaining these Witten diagram relations, and applied the methods to many
examples. We derived a variety of useful identities for studying AdS scattering, including
the dimensional reduction formulae for exchange Witten diagrams. These examples by no
means have exhausted all the applications, and it would be interesting to find more relations.
We also outlined the generalization to CFTs with boundaries. We gave the dimensional
reduction formulae for BCFT conformal blocks, and also wrote down the corresponding
relations for exchange Witten diagrams in the probe brane setup.
Our work leads to many avenues for future research.
One interesting extension is to consider recursion relations of conformal blocks for
spinning correlators. By extending the logic of this paper, these relations should imply
recursion relations for exchange Witten diagrams with spinning external states. They will
be useful for studying, for example, properties of gauge theory scattering amplitudes in
AdS. In fact, there are already some hints that such results might be possible. On the CFT
side, there are weight-shifting operators which change the representations of the operators
[17]. On the AdS side, there are also analogous operators which act on AdS harmonics and
bulk-to-boundary propagators [53]. Using these weight-shifting operators, one can reduce
spinning objects to just the scalar ones on both sides. To firmly establish the claim, it is
perhaps best to work with the Mellin representation for spinning correlators [22, 54–56].
The arguments in this paper can then be adapted to argue that the double-trace operators
will cancel out.
Another direction is to explore generalizations to higher-point correlators. There have
been some recent progress in studying conformal blocks with five or more external operators
[57–63]. It would be interesting to search for recursion relations and identify their Witten
diagram counterparts.
Exchange Witten diagrams are also intimately related to the method of analytic func-
tional bootstrap [35–37, 64–71] (see also [72–75]), as they neatly encapsulate the information
of the functionals. More precisely, the Polyakov-Regge blocks can be decomposed into con-
formal blocks in two channels. The double-trace coefficients are identified (up to signs) with
the action of a basis of analytic functionals on the single-trace conformal block [35–37]. Us-
ing this property together with the Witten diagram recursion relations, we now obtain a
zoo of new relations for the analytic functionals. To see this, let us decompose both sides of
the Witten diagram recursion relations into conformal blocks (either in the direct channel
or in the crossed channel). This can be achieved by first inserting the conformal block de-
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composition of the Polyakov-Regge blocks, and using the recursion relations for conformal
blocks. The matching of the double-trace conformal blocks then imply nontrivial recur-
sion relations for the functional actions (an example is given in A). These relations might
provide insights into new structures in the analytic functionals. One can also ask if these
relations can aid the calculation of extracting functional actions from Witten diagrams in
higher dimensions [37]. We will leave these questions for future work.
Finally, we noticed in Section 4 that BCFT conformal blocks in d dimensions can be
expressed in terms of just two conformal blocks in d− 2 dimensions (see (4.14) and (4.15)).
On the other hand, reversing the relation would require infinitely many conformal blocks.
This is quite reminiscent of the situation in [13], and provides kinematical evidence for the
generalization of the Parisi-Sourlas supersymmetry [43] to include boundaries. It would be
interesting to explore this idea in detail.
Acknowledgments
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A Scalar diagrams and reduction to one dimension
In this Appendix, we perform some checks for reductions involving only scalars. This is
related to the reduction to 1d where there is no spin. Setting ` = 0, the recursion relations
for conformal blocks read
g
(d)
∆,0 =
∞∑
n=0
An,0 g
(d−1)
∆+2n,0 , (A.1)
g
(d−2)
∆,0 = g
(d)
∆,0 + c2,0g
(d)
∆+2,0 , (A.2)
and correspondingly,
W
(d)
∆,0 =
∞∑
n=0
An,0W
(d−1)
∆+2n,0 , (A.3)
W
(d−2)
∆,0 = W
(d)
∆,0 + c2,0W
(d)
∆+2,0 . (A.4)
We will perform the checks in position space, and proceed by decomposing each scalar
exchange Witten diagram into conformal blocks. The decomposition coefficients can be
written down for general d. Therefore we will keep d arbitrary and treat the reduction to
1d as a special example. We will also keep ∆i general in order to avoid complications of
associated with overlapping double-trace spectra.17 The coefficients An,0 are given by
An,0 =
(−1)n (32)n−1 (∆+∆1−∆22 )n (∆−∆1+∆22 )n (∆+∆3−∆42 )n (∆−∆3+∆42 )n
2(2)n−1(∆)2n
(
d−4n−2∆+1
2
)
n
(−d2 + ∆ + 1)n , (A.5)
17In the coinciding limit of the double-trace spectra, derivatives of the conformal blocks ∂∆g(d)∆,0 arise and
compensate half of the double-trace conformal blocks which have now become degenerate.
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and reproduce (2.2) upon setting ∆i. For the exchange Witten diagrams we have the
following decomposition
W
(d)
∆,0 = g
(d)
∆,0 +
∞∑
n=0
µ
(d)
12,n(∆)g
(d)
∆12n ,0
+
∞∑
n=0
µ
(d)
34,n(∆)g
(d)
∆34n ,0
, (A.6)
where ∆12n = ∆1 + ∆2 + 2n, ∆34n = ∆3 + ∆4 + 2n, and the coefficients are given by (see,
e.g., [46])
µ
(d)
12,n(∆) =
ν
(d)
12,n(∆)
ρ(d)(∆)
, (A.7)
with
ν
(d)
12,n =
(−1)nΓ (−2n−∆1−∆2+∆3+∆42 )Γ (2n+∆1+∆2+∆3−∆42 )Γ (2n+∆1+∆2−∆3+∆42 )
n!Γ(2n+ ∆1 + ∆2)Γ
(−d2 + 2n+ ∆1 + ∆2)
×
Γ(n+ ∆1)Γ(n+ ∆2)Γ
(−d2 + n+ ∆1 + ∆2)Γ(−d+2n+∆1+∆2+∆3+∆42 )
(−∆ + ∆1 + ∆2 + 2n)(d−∆−∆1 −∆2 − 2n) ,
(A.8)
and
ρ(d) =
Γ
(
∆+∆1−∆2
2
)
Γ
(
∆−∆1+∆2
2
)
Γ
(−∆+∆1+∆2
2
)
Γ
(
∆+∆3−∆4
2
)
Γ
(
∆−∆3+∆4
2
)
4Γ(∆)Γ
(−d2 + ∆ + 1)
× Γ
(
−d+∆+∆1+∆2
2
)
Γ
(
−d+∆+∆3+∆4
2
)
Γ
(−∆+∆3+∆4
2
)
.
(A.9)
The coefficients µ(d)34,n can be obtained from µ
(d)
12,n from replacing ∆1, ∆2 with ∆3, ∆4.
The single-trace conformal blocks are cancelled from the relation (A.4), and we have the
following constraint on the double-trace coefficients
∞∑
n=0
µ
(d−2)
12,n (∆)g
(d−2)
∆12n ,0
=
∞∑
n=0
µ
(d)
12,n(∆)g
(d)
∆12n ,0
+ c2,0(∆)
∞∑
n=0
µ
(d)
12,n(∆ + 2)g
(d)
∆12n ,0
, (A.10)
and similarly for double-trace operators made of 3 and 4. Using (A.2), we can rewrite it in
terms conformal blocks in d dimensions
∞∑
n=0
µ
(d−2)
12,n (∆)(g
(d)
∆12n ,0
+ c2,0(∆
12
n )g
(d)
∆12n+1,0
) =
∞∑
n=0
(µ
(d)
12,n(∆) + c2,0(∆)µ
(d)
12,n(∆ + 2))g
(d)
∆12n ,0
.
(A.11)
It is straightforward to check
µ
(d−2)
12,n (∆) + c2,0(∆
12
n−1)µ
(d−2)
12,n−1(∆) = µ
(d)
12,n(∆) + c2,0(∆)µ
(d)
12,n(∆ + 2) , (A.12)
and the above condition is satisfied (we define µ(d−2)12,−1(∆) = 0). The condition on the g
(d)
∆34n ,0
can be similarly verified. Let us point out that the decomposition coefficients µ(d)12,n(∆)
can be viewed as the action of functionals on the scalar conformal block g(d)∆,0 (see [37] for
details). The above recursion relation therefore yields relations for the analytic functionals.
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We can also analyze the conformal block decomposition of (A.4) in the t-channel, which
gives relations for the actions of the t-channel functionals.
Checking (A.3) is similar to the finite term case, however we need to perform infinite
summations for each double-trace conformal block coefficient. Although it is quite difficult
to explicitly perform the infinite sum for generic ∆i and ∆, one can numerically convince
oneself that the relation (A.3) is valid.
B Explicit examples
B.1 Dimensional reduction
Let us verify the reduction formulae (2.6) and (2.7) in a number of explicit examples. We
start again with ` = 0 on the l.h.s., but now in Mellin space. The relations can be easily
verified with the explicit formula for the Mellin amplitude18
M(d)∆,0(s, t) =
∞∑
m=0
a
(d)
m
s−∆− 2m (B.1)
where
a(d)m =
1
Γ
(
∆+∆1−∆2
2
)
Γ
(
∆−∆1+∆2
2
)
Γ
(−∆+∆1+∆2
2
)
× 2Γ(∆)
(
∆−∆1−∆2+2
2
)
m
(
∆−∆3−∆4+2
2
)
m
m!
(−d2 + ∆ + 1)m Γ (∆+∆3−∆42 )Γ (∆−∆3+∆42 )Γ (−∆+∆3+∆42 ) .
(B.2)
Let us now move on to ` = 1. For simplicity, we restrict to pairwise equal conformal
dimensions ∆1 = ∆2 = p, ∆3 = ∆4 = q. The s-channel exchange Mellin amplitude has the
following form19
M(d)∆,1(s, t) =
∞∑
m=0
b
(d)
m
(
2(p+ q − t)− (∆− 1 + 2m))
s− (∆− 1)− 2m (B.3)
where
b(d)m =
4∆Γ(∆− 1) (12(−2p+ ∆ + 1))m (12(−2q + ∆ + 1))m
(∆− 1)2Γ (∆−12 )4 Γ(m+ 1)Γ (p− ∆2 + 12)Γ (q − ∆2 + 12) (−d2 + ∆ + 1)m . (B.4)
It is straightforward to see that (2.6) and (2.7) are satisfied.
We can also verify the relations in position space. Let us illustrate this with the case
where ∆i = ∆ = 3, ` = 1. With these quantum numbers, we can use the method of
[27] and the exchange Witten diagrams truncate and can be expressed as a finite sum of
18The coefficients a(d)m can be easily obtained from solving the recursion relations induced by the equation
of motion identity (1.7) in Mellin space. The vector exchange Mellin amplitude is obtained similarly.
19Here we have chosen P (d)0 = 0 for simplicity.
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D¯-functions. Using the formulae in [27], we get20
W˜
(d)
3,1 = −
3U
2x612x
6
34
(
(D¯1234 − V D¯1243 − D¯2134 + D¯2143)
+
d− 10
d− 8 U(D¯2334 − V D¯2343 − D¯3234 + D¯3243)
)
,
(B.5)
W˜
(d)
5,1 = −
15U2
4x612x
6
34
(D¯2334 − V D¯2343 − D¯3234 + D¯3243) . (B.6)
It is straightforward to find
W˜
(d)
3,1 = W˜
(d−1)
3,1 +
4
5(d− 9)(d− 8)W˜
(d−1)
5,1 , (B.7)
W˜
(d−2)
3,1 = W˜
(d)
3,1 −
8
5(d− 10)(d− 8)W˜
(d)
5,1 , (B.8)
which reproduce correspondingly the special cases of (2.6) and (2.7).
B.2 Recursion relations with differential operators
In this subsection, we give a few explicit examples of Witten diagram recursion relations
involving differential operators.
The regular type
To start, let us give the coefficients in (3.5). We will focus on the case where ∆i = ∆φ, and
the coefficients read
A = (−∆ + 2∆φ + `)2 ,
B =
`(d+ `− 3)(d+ ∆− 2∆φ + `− 2)2
(d+ 2`− 4)(d+ 2`− 2) ,
C =
(∆− 1)(−d+ ∆ + 2)(∆ + `)2(−d+ ∆ + 2∆φ + `)2
4(2∆− d)(−d+ 2∆ + 2)(∆ + `− 1)(∆ + `+ 1) , (B.9)
D =
(1−∆)`(d−∆− 2)(d+ `− 3)(d−∆ + `− 2)2(2d−∆− 2∆φ + `− 2)2
4(d− 2∆− 2)(d− 2∆)(d+ 2`− 4)(d+ 2`− 2)(d−∆ + `− 3)(d−∆ + `− 1) ,
E =
1
2
(−d∆ + 4d∆φ + d`+ ∆2 − 4∆2φ + `2 − 2`) .
For simplicity, we will set ` = 0 for the l.h.s. of (3.5). From the coefficients (B.9) we find
no unphysical negative spins arise, and only ` = 0 and ` = 1 appears on the r.h.s.. Using
(B.1), (B.3) and crossing symmetry, we can write down the exchange Mellin amplitudes
in the t-channel. Translating the Casimir operator according to (3.3), it is straighforward
although tedious to verify that the relation (3.7) holds.
Let us now show an example of (3.5) in position space where ∆i = 3, ∆ = 4. The
t-channel scalar exchange reads
W˜
(d),t
4,0 =
6U2
x612x
6
34
D¯2332 . (B.10)
20Note that the choice of the cubic vertices in [27] leads to a different choice with non-vanishing P (d)∆,`.
We denote them with an extra tilde to distinguish it from the other choice made above.
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On the r.h.s., we expect also vector exchange with dimensions 3 and 5
W˜
(d),t
3,1 = −
3U3
2x612x
6
34
(
(−D¯1342 + D¯1432 + D¯2341 − UD¯2431)
− d− 10
d− 8 (D¯2343 − D¯2433 − D¯3342 + UD¯3432)
)
,
(B.11)
W˜
(d),t
5,1 =
15U3
4x612x
6
34
(D¯2343 − D¯2433 − D¯3342 + UD¯3432) , (B.12)
which are related to (B.5) and (B.6) by crossing. To proceed, we decompose each D¯-function
above into the basis spanned by 1, logU , log V and Φ(U, V )
F (U, V ) = f1 + flogU logU + flog V log V + fΦΦ(U, V ) , (B.13)
where Φ(U, V ) is the scalar one-loop box function in four dimensions. This is possible
because of the following differential recursion relations (see, e.g., [28])
D¯∆1+1,∆2+1,∆3,∆4 = −∂UD¯∆1,∆2,∆3,∆4 ,
D¯∆1,∆2,∆3+1,∆4+1 = (∆3 + ∆4 − Σ− U∂U )D¯∆1,∆2,∆3,∆4 ,
D¯∆1,∆2+1,∆3+1,∆4 = −∂V D¯∆1,∆2,∆3,∆4 ,
D¯∆1+1,∆2,∆3,∆4+1 = (∆1 + ∆4 − Σ− V ∂V )D¯∆1,∆2,∆3,∆4 ,
D¯∆1,∆2+1,∆3,∆4+1 = (∆2 + U∂U + V ∂V )D¯∆1,∆2,∆3,∆4 ,
D¯∆1+1,∆2,∆3+1,∆4 = (Σ−∆4 + U∂U + V ∂V )D¯∆1,∆2,∆3,∆4
(B.14)
where Σ = 12(∆1 + ∆2 + ∆3 + ∆4), and also the identities satisfied by Φ(U, V )
∂zΦ = − 1
z − z¯Φ−
1
z(z − z¯) log V +
1
(−1 + z)(z − z¯) logU ,
∂z¯Φ =
1
z − z¯Φ +
1
z¯(z − z¯) log V −
1
(−1 + z¯)(z − z¯) logU .
(B.15)
To simplify the action of the Casmir operator, it is more convenient to write it in terms of
z and z¯
Cass = −2(Dz(a, b) +Dz¯(a, b))− 2(d− 2) zz¯
z − z¯
(
(1− z) d
dz
− (1− z¯) d
dz¯
)
(B.16)
where
Dz(a, b) = (1− z)z2 d
2
dz2
− (1 + a+ b)z2 d
dz
− abz . (B.17)
Using the relations (B.15) recursively, we can again cast the action of the Casimir on the
exchange diagram into the form of (B.13). We find that
Cass[W˜
(d),t
4,0 ] = 2(2d− 5)W˜ (d),t4,0 + 4W˜ (d),t3,1 −
4(d− 10)(d− 6)
5(d− 8) W˜
(d),t
5,1 + W˜extra (B.18)
where
W˜extra = 6(d− 10)U3D¯3333 (B.19)
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is a zero-derivative contact Witten diagram and can be absorbed into either W˜ (d),t3,1 or W˜
(d),t
5,1 .
This confirms the prediction of (3.7).
The irregular type
Let us now study a few examples of recursion relations belonging to the irregular type. We
start with a special case of (3.8) with ` = 0 and ∆i = ∆φ. The relation simplifies into
(U−1 − U−1V )g(d)∆,0 = −2g(d)∆−1,1 −
∆2(−d+ ∆ + 2)
2(∆ + 1)(2∆− d)(−d+ 2∆ + 2)g
(d)
∆+1,1 . (B.20)
Using the formulae (B.1) and (B.3) for the exchange Mellin amplitudes and (3.3) for trans-
lating the cross ratio factor into an difference operator, we find that an extra term is needed
in the Witten diagram relation
U−1(1−V )W (d)∆,0 = −2W (d)∆−1,1−
∆2(−d+ ∆ + 2)
2(∆ + 1)(2∆− d)(−d+ 2∆ + 2)W
(d)
∆+1,1 +Fextra . (B.21)
where
Fextra = F0 + F1 + F2 , (B.22)
and
F0 =
(V − 1)
x
2∆φ
12 x
2∆φ
34
Γ(∆)Γ
(−d2 + ∆ + 1)Γ (2∆φ − d2)U∆φ−1D¯∆φ∆φ∆φ∆φ
Γ
(
∆
2
)4
Γ
(
2∆φ−∆
2
)
Γ
(
2∆φ+2−∆
2
)
Γ
(
∆−d+2∆φ
2
)
Γ
(−d+∆+2+2∆φ
2
) , (B.23)
F1 =
√
pi41−∆φΓ(∆)Γ(∆φ)3Γ
(−d2 + ∆ + 1)Γ (−d2 + 2∆φ + 1)
Γ
(
∆
2
)4
Γ
(
∆φ +
1
2
)
Γ
(−∆2 + ∆φ + 1)2 Γ ( 12 (−d+ ∆ + 2) + ∆φ)2W (d)2∆φ−1,1 , (B.24)
F2 =
2∆−1Γ
(
∆+1
2
)
Γ
(−d2 + ∆ + 1)Γ (2∆φ − d2)U∆φ√
piΓ
(
∆
2
)3
Γ
(
2∆φ−∆
2
)
Γ
(
2∆φ+2−∆
2
)
Γ
(
∆−d+2∆φ
2
)
Γ
(−d+∆+2+2∆φ
2
) D¯∆φ∆φ∆φ∆φ
x
2∆φ
12 x
2∆φ
34
. (B.25)
Let us also test it in position space with a special example where ∆φ = 3, ∆ = 4. The
relevant diagrams has already been evaluated before, and
W˜
(d)
4,0 =
6U2
x612x
6
34
D¯2233 . (B.26)
By decomposing into the basis (B.13), we find
(U−1 − U−1V )W˜ (d)4,0 = −2W˜ (d)3,1 +
8(d− 9)
5(d− 8)W˜
(d)
5,1 − 6
(1− V )
x612x
6
34
U2D¯3333 . (B.27)
This agrees with (B.21) and (B.22). Note that W (d)2∆φ−1,1 in F1 now coincide with W
(d)
∆+1,1,
and F2 appears if we change the choice of contact terms to go from W˜
(d)
∆,` to W
(d)
∆,`.
Finally, let us discuss another interesting class of recursion relations which are the
superconformal Ward identities. Four-point functions of one-half BPS operators in d > 2,
with R-symmetry SO(n) and n ≥ 3, obey the following superconformal Ward identities [76]
(z∂z − α∂α)G(z, z¯;α, α¯)
∣∣
α=1/z
= 0 , (z¯∂z¯ − α∂α)G(z, z¯;α, α¯)
∣∣
α=1/z¯
= 0 (B.28)
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where  = d−22 , and α, α¯ are R-symmetry cross ratios
21 analogous to z and z¯.22 Supercon-
formal blocks satisfy the above identities, and are given by a finite linear combination of
bosonic conformal blocks
gS =
∑
I∈S
RI(α, α¯)g
(d)
∆I ,`I
(z, z¯) . (B.29)
Here RI(α, α¯) are polynomials eigenfunctions of the R-symmetry Casimir, and I runs over
components of the supermultiplet S exchanged in the four-point function. Clearly, the
identities (B.28) imply special relations for the non-supersymmetric conformal blocks in
(B.29). To write (B.29) in terms of U and V , we use the simple trick of taking the sum of
the two identities [77, 78]. As an example, we focus on 3dN = 8 stress tensor supermultiplet
exchange in the correlator of the same multiplet. The external operators are scalars with
dimension 1, and the superconformal block is [79]
g3d,N=8stress = (3− 4α− 4α¯+ 8αα¯)g(3)1,0(z, z¯) + (α+ α¯− 1)g(3)2,1(z, z¯) +
3
32
g
(3)
3,2(z, z¯) . (B.30)
Adding the two identities in (B.29) leads to the following equation
D1g(3)1,0(z, z¯) +D2g(3)2,1(z, z¯) +D3g(3)3,2(z, z¯) = 0 (B.31)
where
D1 = 2U−1(1 + U − V )(1− 2α¯) + (1− U + 7V + 4α¯(U − 1− 3V ))∂V
+ 2(U − 2 + 2V + 4α¯(1− V ))∂U ,
D2 = (2U)−1(V − U − 1) + (−2V + α¯(U + V − 1))∂V + (1− U − V + 2Uα¯)∂U ,
D3 = 3
32
(U + V − 1)∂V + 3
16
U∂U .
(B.32)
Translating Di into difference operators Dˆi in Mellin space introduces extra poles s−2t−1,
while the corresponding exchange Mellin amplitudes23 have only poles at s = 1 + 2m
M(3)1,0 =
∞∑
m=0
2(−1)m+1
pi5/2m!Γ
(
1
2 −m
) 1
s− 1− 2m , (B.33)
M(3)2,1 =
∑
m=0
8(−1)m+1
pi5/2(2m+ 1)Γ
(
1
2 −m
)
Γ(m+ 1)
4− s− 2t
s− 1− 2m , (B.34)
M(3)3,2 =
∞∑
m=0
(−1)m+116Γ (−m− 32)
3pi5/2m!Γ
(
1
2 −m
)2 8m(1− s) + 4(t− 3)t+ 4(u− 3)u+ 4m2 + 19s− 1− 2m
+
1
pi2
(s− 6) , (B.35)
21When n = 3 there is only one R-symmetry cross ratio.
22The two identities in (B.28) are not independent because correlators are symmetric in z and z¯. Two
more identities can be written down by replacing α with α¯, but they do not give new constraints because
correlators are also symmetric in α, α¯.
23Here we rescaled the expressions from [77] and added some contact terms to simplify the expressions.
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where s + t + u = 4. Additional terms are thus needed to turn (B.31) into a relation for
Witten diagrams. It is not difficult to find
Dˆ1M(3)1,0 + Dˆ2M(3)2,1 + Dˆ3M(3)3,0 =M(3)extra (B.36)
where
M(3)extra = M1 + α¯M2 , (B.37)
M1 =
2
pi2
(
Û−1[s− 1] + Û−1V [1]− u
)
, M2 = − 4
pi2
. (B.38)
We can also rewrite (B.36) in position space. The extra termM(3)extra corresponds to a linear
combination of contact Witten diagrams with coefficients depending on the cross ratios.
The non vanishing of M(3)extra is the statement that combinations of exchange Witten
diagrams in one channel alone cannot solve the superconformal Ward identities. Moreover,
one can also prove that adding contact terms with no more than two derivatives to the
exchange amplitudes will not eliminateM(3)extra. These facts are essential for the bootstrap
methods for holographic correlators [44, 77, 78, 80, 81] to succeed, which claim that an
ansatz of exchange and contact Witten diagrams in all channels can be uniquely solved by
imposing the superconformal Ward identities (B.28).
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